In this comment we show that the approach presented by Fojón et al [1] is not as accurate as they claim. A straightforward calculation using the models considered buy those authors clearly shows that the spectral method, which the authors criticize, proves to be considerably better.
Introduction
Ref.
[1] discusses the numerical solution of the time-dependent Schrödinger equation (TDSE) in a one dimensional square well with moving boundaries. This problem is exactly solvable only in the special cases, such as for a wall moving at constant velocity, as first discussed by Doescher and Rice long time ago [2] . Makowski and Dembinski [3] have proved that if ℓ ′′ (t)ℓ 3 (t) = constant, where ℓ(t) describes the position of the right wall (the left wall being fixed at the origin), then the problem is solvable in terms of suitable transformations of the hamiltonian.
In the majority of the cases, since no exact solution is available, one has to resort either to approximate techniques (such as perturbation theory) or to numerical methods. Doescher and Rice [2] , for example, have used first order perturbation theory, to obtain the probability that a particle initially in the ground state may be found in the first excited state at later times, when the right wall is moving. Unfortunately this approximation works well only when the wall moves slowly, but it fails at larger velocities. Extending the perturbation calculation to higher orders, on the other hand, is not desirable for this problem, since it may involve in any case numerical calculations and the complexity of the task will depend on the maximal order in perturbation theory that one needs to take into account (leaving aside the issue of convergence of the perturbation expansion).
The numerical approach is therefore the optimal choice for the problem at hand, although different strategies may be adopted in its implementation. The approach adopted in Ref. [1] is based on a suitable scaling of the space variable, followed by discretization of the space, which converts the original TDSE into a system of n − 1 differential equations in the time variable (eqs.(19) of Ref.
[1]). A different approach, that we will follow in our analysis, consists of numerically solving the system of coupled first order differential equations for the coefficients of the decomposition of the exact solution in the basis of the instantaneous eigenfunctions of the well, as discussed in Ref.
[2]. The approach followed in Ref.
[1] consists of a spatial discretization, leading to a system of first order differential equations in the time variable, that are then solved by numerical integration; in the spectral approach, on the other hand, the only approximation made is the truncation over the number of modes, provided that the relevant integrals can be performed exactly. On these grounds, one should expect that the spectral method would be superior to the method of Ref. [1] .
Despite this observation, the authors of Ref.
[1] claim a superiority of their approach on the spectral approach, concluding that "the (spectral) method is not only complicated, but, in addition, all these manipulations are often sources of errors, and therefore, the final result is not accurate".
The purpose of this paper is to compare the two methods and provide the evidence that the method of Ref.
[1] is in general much less accurate than the spectral method; additionally, we show that the results discussed in Ref.
[1] for the cases of fast movements are incorrect and plagued by much larger errors than claimed by the authors.
The paper is organized as follows: in section 2 we briefly discuss the problem and obtain the relevant equations to be solved; in section 3 we present our numerical results and compare them with the analogous results of Ref. [1] . Finally, in section 4 we state our conclusions.
The model
Consider the time-dependent Schrödinger equation
whereĤ is the Hamiltonian for a particle in one dimension confined in an infinite square well with a moving wallĤ
and
The wave function obeys the time-dependent Dirichlet boundary conditions
Let u n (x, t) be the instantaneous energy eigenfunctions
and E n (t) be the instantaneous energy eigenvalues
These eigenfunctions form a basis and therefore one can expand a solution to the timedependent Schrödinger equation in this basis as [2] ψ(x, t) = n b n (t)u n (x, t)e
Using this expansion inside eq. (1), one can use the orthonormality of {u} to obtain an infinite set of coupled first order differential equations for the expansion coefficients b k aṡ
where we have introduced the definition
, |k − n| > 0
It is straightforward to see that eqs.(8) preserve the total probability
The straightforward approach to the solution of eqs. (8) is to use the standard techniques for solving systems of ODEs, such as the Runge-Kutta method. In this case it is preferable to work with real quantities and we introduce the definitions
and express eqs. (8) into an equivalent set of coupled differential equations aṡ
To numerically solve these equations, one needs to restrict the calculation to a finite number of modes by imposing the condition k ≤ k MAX . The value of k ≤ k MAX should be chosen in such a way that the coefficients c k and
k ) and the law specifying the movement of the right wall (ℓ(t)) will also play a role in determining a suitable value of the cutoff k MAX .
For the special case of a box with a uniformly moving wall, Doescher and Rice [2] have obtained the solution to eq. (1) exactly in the form
where
Numerical solutions
We discuss the numerical solution of the eqs. (13) and (14) for different laws of motion of the right wall. The numerical results will be contrasted with the results of refs. [2, 1]. Doescher and Rice [2] consider the time evolution of a particle that at the initial time is in the ground state of the wall:
whereas Fojón et al.
[1] adopt a less conventional choice
corresponding to the j state of the box with a uniformly moving wall at the initial time (notice that in the calculation of [1] = 1 and m = 1/2). The initial wavefunction (17) can be decomposed in the basis of the instantaneous eigenfunction
The expansion coefficients q jk can be calculated exactly in terms of Fresnel functions 
Uniform compression
In this case ℓ(t) = L 0 + at, where a < 0 (a > 0) corresponds to a compression (expansion) of the box. Doescher and Rice have proved that for this case it is possible to obtain the solution to eq. (1) exactly. They assumed a particle in the ground state at the initial time:
Using eqs. (13) and (14), and working with limited number of modes (k MAX ≈ 10) we were able to reproduce the figures of [2] quite accurately. In Fig. 3 we plot |Ψ 2 (x, t max ) − ψ approx (x, t max )| 2 for the case of a wall moving with uniform velocity a = −16 at the time t max = 1/16 − 1/1000, using the numerical solutions to eq. (13) and (14) with different number of modes (first four curves) and the numerical method of Fojón et al. with N = 100 (last curve). Here Ψ 2 (x, t) is the exact solution of eq. (15) and ψ approx (x, t) is the approximate wave function obtained either with the spectral method or with the method of Fojón et al.
Not surprisingly, the spectral method provides much smaller errors than the method of [1], despite having used a much finer discretization than in Ref. [1] (N = 100). Because the main source of error in this scheme comes from the spatial discretization, which uses finite differences (FD), one should expect a slow decay of the error with the number of grid points used. Fig. 4 compares the average errors obtained using either the spectral method or the method of [1] , as functions of the number of complex ODEs. 
Oscillatory motion
The main example discussed by Fojón et al. in [1] is a box with a wall oscillating with the law
where ℓ(0) = 1. As mentioned before the initial wave function is the first excited state of the box with an uniformly moving wall at t = 0. The numerical results presented by these authors use a = 0.3 and ω = 1, 10, 4π 2 . For the case corresponding to ω = 1, one has α = 3/40 ≪ 1 and the initial wave function is well approximated by the first excited state of the instantaneous energy eigenfunctions. The situation is different for the cases ω = 10 and ω = 4π 2 , which correspond to α = 3/4 ≈ 1 and α = 3π 2 /10 ≈ 3, for which several eigenstates of the instantaneous energy basis contribute. In Fig. 5 we display the mean value of the energy for the case of an oscillating wall with a = 0.3 and ω = 4π 2 , obtained using the spectral method with different number of modes. The energy is normalized with respect to the initial energy. As one can appreciate from the figure the results converge rather rapidly, with 20 modes already giving an accurate description of the behavior.
A similar plot, for 2.5 ≤ t ≤ 3, is shown in Fig. 6 , where now the method of Ref.
[1] has been used, with different discretizations (N = 30, 60, 90, 120) and the results compared with the most precise results of In Fig. 9 we show the expansion coefficients corresponding to the first 5 modes of a system with an oscillating wall with a = 0.3 and ω = 4π 2 .
Sudden expansion
The last example considered by Fojón et al. is the case of a "sudden expansion", in which the right wall moves according to the law
These authors have considered the cases in which a = 2 and b = 1, 10, 20. Here we discuss the case of b = 10, although similar considerations hold also for the remaining cases. In Fig. 10 we plot the mean value of the position for the case of sudden expansion with a = 2 and b = 10, using the spectral method with 10, 20 and 40 modes and the method of Fojón et at. with N = 30 and N = 100. In this case, we notice that the spectral method converges remarkably fast, with the curves corresponding to 10, 20 and 40 superposing neatly. On the [1]), one obtains a curve that is visibly different from the spectral curves; only using a much finer grid, N = 100, one is able to reproduce the results obtained with the spectral method with good accuracy.
In Fig. 11 we plot the error |1 − x approx / x exact |, where x exact is here approximated with the value obtained with the spectral method with 40 modes. As one can easily appreciate the spectral method with just 10 modes is more precise than the method of [1] with N = 100.
Conclusions
Many of the conclusions reached in Ref.
[1] are misleading and in some cases incorrect. To start with, the authors claim the superiority of their method with respect to a spectral method, based on a decomposition of the initial wave function in the instantaneous energy basis. Although this claim could be discarded intuitively, since the equations used in the spectral method are exact and the only approximation enters in the definition of a cutoff mode and the subsequent numerical solution, we have performed precise numerical calculations, for all the cases treated in Ref. [1] , showing that the spectral method is far more precise than the method of [1] and converging much more rapidly to the exact solution 2 . To support their claim of precision, these authors state three points, in their conclusions:
• That the numerical probability fluctuates within 3% in all cases considered by them;
• That the numerical solution for the cases of a uniformly moving wall that they obtained with their method is very accurate;
• That they "compared the numerical solutions for different partitions of both space and time variables" and that "the results remained essentially unchanged with different discretizations on the space and time variables". Our observations on the points above are:
• The fact that the numerical probability fluctuates within 3 − 4% is not by itself a sufficient condition for precision (actually, the probability obtained using the spectral method fluctuates within just 10 −5 − 10 −6 % for the same cases) : a better indicator of precision would be
2 dx, which indeed is seen to be rather large even in the case of a uniformly moving wall using their method (see Fig. 4 );
• A comparison of the numerical solutions for the case of a uniformly moving wall and of a sudden expansion using the method of [1] and the spectral method, shows that the former is rather disappointing (the numerical results obtained with the method of [1] with N = 100 have much larger errors than the results obtained with the spectral method with just 10 modes!);
• The only way we can explain the observation of Fojón et al. is that they probably considered only discretizations with slightly different numbers of points: in this case, due to the slow convergence of their method, the results would appear to change moderately. In our calculation with their method, we had to resort to much finer grids (N ≈ 100 − 120) to obtain results which would be qualitatively correct (at least for fast movements). Had the authors compared their method with the spectral method, this problem would have been quite evident.
Another aspect of Ref.
[1] that caught our attention is the distinction made therein between "standard" and "nonstandard" regimes, meaning situations in which the wave function either preserves or not the number of nodes. Although it is a surprise to the authors that the probability density has in some cases the form one would obtain as if the particle would find itself in an instantaneous energy eigenstate, this should not be a surprise at all: if the motion of the wall is sufficiently slow and the initial state is peaked around a mode, typically the coefficient of the dominant mode oscillates with small amplitudes, while the remaining ones stay small. In this case the solution can be well approximated with the instantaneous wave function. On the other hand, when the wall moves fast, even if the particle starts in a given instantaneous energy eigenstate, several modes may become relevant at later times, thus producing a very different wave function. The discretization method will become increasingly more inefficient with the number of spatial dimensions. On the other hand, the spectral method is not expected to be dramatically affected. Figure 9: |b k | 2 (t) for k = 1, . . . 5, as function of the time, for the case of an oscillating wall with a = 0.3 and ω = 4π 2 , obtained using the spectral method with 60 modes. 
